Probability Homework 2 September 25, 2013
Math 421 Dr. Pendergrass

ON MY HONOR, I HAVE NEITHER GIVEN NOR RECEIVED ANY AID ON THIS WORK, NOR AM I AWARE OF ANY
BREACH OF THE HONOR CODE THAT I SHALL NOT IMMEDIATELY REPORT.

Pledged:

Print Name:

1. In each case, describe the sample space of the random experiment precisely. If the sample space is finite,
find its cardinality. Also, if the sample space is finite, is it reasonable to regard the outcomes as equally
likely?

(a) Toss a pair of fair dice, and record the outcome.
(b) Toss a pair of fair dice, and record the sum that appears.

(c) Toss a fair die repeatedly until a 6 appears.

Solution:

(a) S={(,j):4,j €{1,2,3,4,5,6}}, |S| = 36, S is an equally likely sample space.
(b) S=1{2,3,4,5,6,7,8,9,10,11,12}, |[S| = 11, S is not an equally likely sample space.

(c) S={(z1,22,...,2y) :n €N, xp € {1,2,3,4,5} for k=1,2,--- ,n—1, and x,, = 6}, S is infinite.

2. An urn contains 4 red balls and 3 black balls. Draw a set of three balls from this urn “at random.”
(a) If all the balls are considered distinguishable (i.e. there’s a first red ball, a second red ball, a first
black ball, and so on), what is the cardinality of the sample space?

(b) If balls of the same color are indistinguishable, how many outcomes are there in the sample space? Is
it reasonable to consider these outcomes as equally likely?

Solution:

7
(a) S={F C{1,2,3,4,5,6,7}: |E| =3}, so |S| = (3) = 35.
(b) If balls of the same color are indistinguishable, and if the order in which the balls are drawn is
considered irrelevant, then the result of the experiment is completely specified by the number of red
(or black) balls drawn. Hence S = {0,1, 2,3}, and |S| = 4. The outcomes in S are not equally likely.

If the order in which the balls are drawn is to be taken into account, then we can take S to be the
set of all strings of length 3 while contain only the letters R and B. (I.e. RRB would indicate that
the first two balls drawn were red, and the third was black.) In this case, |S| = 8, and again, the
outcomes are not equally likely.

3. Two dice are thrown. Let E be the event that the sum is even, let F' be the event that at least one of the
dice lands on 1, and let G be the event that the sum is 5. Describe each of the following events:
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Solution:

(a) EF is the event that the sum is even, and at least one of the dice is 1. So

EF ={(1,1),(1,3),(1,5),(3,1),(3,5)}

(b) EUF is the event that either the sum is even, or at least one of the dice is 1.

(d) EF€ is the event that the sum is even, and neither of the dice is 1.

)

() FG ={(1,4),(4,1)}.
)
)

(e) EFG =10

4. Toss a pair of six-sided dice repeatedly. Consider the following events:

Ay, = {the sum is 7 on toss number n}
B,, = {both dice land on the same number on toss n}

C,, = {the minimum of the two dice is 1 on toss n}

Express the following events using complements, unions, and intersections of the above events:

(a) A sum of 7 occurs on or before the fourth toss.
(b) The first time the sum is 7 is on toss number four.

)
(c) A sum of 7 does not occur during the first four tosses.
)

(d) You roll “snake eyes” on toss number two. (“Snake eyes” means that both dice land on 1.)

Solution:
4
a) U Ay
n=1
(b) A{ASASA4
4 C
c) (U An> = ASASASAS
n=1

(d) B2Cs

5. Suppose that A and B are events in a probability space, with P (A) = 0.6, P (B) = 0.5, and P (AB) = 0.3.

Find the following:

(a) P(AB)

(b) P(A°B)

(c) P((AUB))
(d) P(A°UB)
Solution:

(a) P(AB°) =0.3
(b) P(A°B) = 0.2
(¢) P((AUB)) = 0.2
(d) P(A°UB®) =0.7
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6. An elementary school is offering 3 language classes: one in Spanish, one in French, and one in German.
These classes are open to any of the 100 students in the school. There are 28 students in the Spanish class,
26 in the French class, and 16 in the German class. There are 12 students that are in both Spanish and
French, 4 that are in both Spanish and German, and 6 that are in both French and German. In addition,
there are 2 students taking all three classes.

(a) Choose a student at random. What is the probability that he or she is not in any of these language
classes?

(b) Choose a student at random. What is the probability that he or she is taking exactly one language
class?

(c) Choose two students at random. What is the probability that at least on of them is taking a language
class?

Solution:

50
(a) 100

32
100
50Y (50 a0y (el
(© (1) (1)1J()F0(2) (O)Z@zo.%%

(2) 198

7. A pair of fair dice are rolled.
(a) Let X be the sum of the spots that appear. Find the probability mass function for X.
(b) Let M be the maximum of the two dice. Find the probability mass function for M.
(c¢) Find the probability that the dice land on different values.

Solution:
RN T TR ETETETETEIE IR
P(X=2)]3 |3 | 36|36 | 35| 35| 36 | 36 | 36 | 36 | 36
() S T A
P(X=x)|3 |3 |3 |33 3
36 -6 30
(c) T:%QO.S?B?)

8. A five-card hand is dealt from a well-shuffled deck of ordinary playing cards. What is the probability of
being dealt

(a) a flush? (A flush is a hand in which all five cards are of the same suit.)

(b) one pair? (This occurs if the cards have denominations a, a, b, ¢, and d, where a,b, ¢, and d are all
distinct.)

(c¢) two pairs? (This occurs if the cards have denominations a, a, b, b, and ¢, where a,b, and ¢ are all
distinct.)

(d) three of a kind? (This occurs if the cards have denominations a, a, a, b, and ¢, where a, b, and ¢ are
all distinct.)

Solution:
4 13
: 33
(a) (1)(52()5) = Teggg ~ 0001981
5
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1 4 12 4\3
(b) (13) ) (2) ) (3) ) (1) 352 ~ 0.4226

o=
2
© (5) - (3)(55)(111) (1) _ 4119685 ~ 0.04754
5
2
@ &) (3)(552()122) () _ 4?25 ~0.02113

9. An urn contains 10 white balls and 5 black balls. Four balls are drawn randomly from the urn, without
replacement. Let X be the number of black balls drawn. Find the probability mass function for X.

Solution:
ey
()

z=0,1,2,3,4.

10. A pair of fair dice are tossed repeatedly until they show a sum of either 7 or 11. Let N be the number of
tosses required. It can be shown that the probability mass function for NV is of the form

n—1
P(N:’I’L):C(;) , n:1’2’3’...

(a) Find the constant C.

(b) How many tosses n are required for the probability to be at least 1/2 that either a 7 or an 11 occurred
on or before toss n? In other words, find the minimum value of n such that P (N <n) > 1/2.

Solution:

(a) We must have
o0 [ee} 7 n—1
= P(N =n)= C| = :
Sopev=m=3c(g)

Using the geometric series, we find

_C
1-7/9

or C'=2/9. So the probability mass function is

1

(b) m = 3 suffices, for we have

3 3 n—1
Z Z 2

n=1 n=1
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