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Sounds as waveforms
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Sounds as waveforms
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Pure lones

» Definition: a pure tone is a function of the form

s(t) = Acos (27 fot + @)
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Pure lones

» Definition: a pure tone is a function of the form

amplitude

e

~_ \,
s(t) = Acos (27 fot + ¢)

= a cos (27 fot) 4+ bsin (27 fot)



Simulated Tuning Fork

» Simulate a tuning fork by enveloping a pure tone with
a time-varying amplitude:

s(t) = A(t) cos (27 fot + @)



Simulated Tuning Fork

» Simulate a tuning fork by enveloping a pure tone with
a time-varying amplitude:

time-varying amplitude

T~
s(t) = A(t) cos (2m fot + @)
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» Timbre is the intrinsic “sound quality” of a musical
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Timbre

» Timbre is the intrinsic “sound quality” of a musical
note or sound.

» Name that timbre!

» What determines an instrument’s characteristic
timbre!?
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A Question

» What kind of waveforms (functions) can be
represented by evenly spaced pure tones!

O

s(t) =) agcos (2mk fot) + by sin (27k fot)
k=1

» There’s a fascinating answer...
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Joseph Fourier
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» Dimensional analysis, Fourier
series (1807), Fourier
transform, Fourier law

» Greenhouse effect (1824,
1827)
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Joseph Fourier

» French, 1768 - 1830

» Commoner, orphaned at age

8

» Enthusiastic supporter of
French Revolution

» Permanent Secretary of

French Academy of Sciences
(1822 - 1830)

» Dimensional analysis, Fourier
series (1807), Fourier
transform, Fourier law

» Greenhouse effect (1824,
1827)
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Fourier’s Bold ldea

» Suppose we could write some function s(¢) as a
combination of evenly spaced tones:

@)

s(t) = Z ai cos (2mk fot) + by sin (27k fot)
k=1

» What would the coefficients ar and b have to be?
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A Tale of Three Integrals

% itk=n

T
/0 cos(2mk fot) cos(2mn fot) dt = {O £

itk=n

T T
in(2k fot) sin(2mn fot) dt = { 2
/0 sin(27k fot) sin(27wn fot) {O £ 4

T
/ cos(2mk fot) sin(2mn fot) dt = 0
0



Fourier’s Bold ldea

» Assume:
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Fourier’s Bold Idea
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Fourier’s Bold ldea

» Multiply by cos(27n fyt) and integrate:

Za / cos (2mk fot) cos (2mn fot) dt

k=1
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» Now pay heed to the Tale of Three Integrals:
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Fourier’s Bold ldea

» Now pay heed to the Tale of Three Integrals:

g T
/ s(t) cos(2mn fot) dt = a, 5
0
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Fourier’s Bold ldea

» We've found g, !

T
/ s(t) cos(2mn fot) dt
0

2
Ap, = —
T

» Similarly

T
by, = /0 s(t) sin(2mn fot) dt

2
T



Fourier’s Theorem (1807)

» If a function s defined on [0,7] can be written as

O

s(t) = Z ai cos (2mk fot) + by sin (27k fot)
k=1

then

2

T
Ay = T/o s(t) cos(2mn fot) dt

2

T
by, = T/o s(t) sin(2mn fot) dt
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The Burning Question

» Which functions s defined on [0,7] can be written as

O

s(t) = Z ai cos (2mk fot) + by sin (27k fot)
k=1

» More generally , which s can be written as

s(t) =ao+ Y akcos 2k fot) + by, sin 27k fot)
k=1
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A Question of Convergence

» Partial sums of the Fourier series:

N
sn(t) = ag + Z ay cos (2mk fot) + by sin (27k fot)
k=1

» For which s do we have

sy —sas N — oo

(and in what sense?)
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Dirichlet’s Theorem (1829)

» If s satisfies the Dirichlet
conditions™ on [0, T1, then

lim sy(t) = s(t)

N — 00

for each ¢ at which s is
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Dirichlet’s Theorem (1829)

» If s satisfies the Dirichlet
conditions™ on [0, T1, then

lim sy(t) = s(t)

N — 00

for each ¢ at which s is
continuous.

* (don’t ask)
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Riesz-Fischer Theorem (1907)

»If s is measurable, then the
following are equivalent:

T
A: / s%(t) dt < oo
0

T
B:/ (s(t) — sn (£)2 dt — 0
0
» Note: physically,

T
/ s?(t)dt = energy of s
0




Carleson’s Theorem (1966)

! % _:..-'_': ifﬂy ‘ 3 :
» If s is measurable, and e

T
/ s%(t) dt < oo
0
then

lim sy (t) = s(t)

N — o0

for almost every ¢t in [0, T].

LLLLLL
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So why is Fourier smiling?

» He was wrong, but he was
“essentially right!”

» His “bold idea” lead to a whole
new field of mathematics.

» Spurred mathematicians to
think more rigorously about
the “function” concept.

» His approach continues to
inspire new mathematics

* Wavelets

* Empirical mode decomposition
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Opus 2: Fourier’s Triumph

Pattern o
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Pattern y
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Another Musical Fractal
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And Another...
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Self-Similarity
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